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1 Introduction 

In 1966 Dudley [5] defined a class of relativistic processes with Lorentzian-covariant dynamics in 
the framework of special relativity. Such a process with values in Minkowski space-time R^'"^, 
is differentiable and has velocity smaller than the speed of light. So it can be parametrized by 
its proper time, which amounts to impose to the velocity £,t to be an element of the unit pseudo 
sphere H'^of M^'''. The restriction to the tangent space of H'' of Minkowski ambient pseudo- 
metric turns M.'^ into a Riemannian manifold of constant negative curvature. The invariance of 
the process {£,t,£,t) by the natural action of the set of Lorentz transforms on H'' x M}''^ imposes 
to the laws of to be invariant by the action of the isometrics of H''. Among this class of 
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relativistic processes, there is essentially only one which is continuous. It corresponds to the case 
where is a Riemannian Brownian motion in the hyperbolic space and in this case {^t,£.t) is 
called Dudley diffusion. Forty years after this seminal work, Franchi and Le Jan [S] extended 
Dudley diffusion to the framework of any Lorentz manifold. They defined relativistic processes 
with Lorentzian-covariant dynamics on generic Lorentzian manifolds by rolling without slipping a 
Dudley diffusion on the unit tangent space. They studied the asymptotic behavior of such diffusion 
in the Schwarzschild space-time. Bailleul P| succeeded to compute the Poisson boundary of Dudley 
diffusion in Minkowski space-time and showed that it coincides with the causal boundary of M^'''. 
The asymptotic behavior of relativistic diffusions was investigated in other non flat Lorentzian 
manifolds ([I], [7]) with the aim of describing how the asymptotic behavior of the diffusion reflects 
the asymptotic geometry of the manifold. 

In this work we ask a new question concerning these processes dealing with the asymptotic 
behaviour of some stochastic flow associated to it. As Brownian motion on a Riemannian manifold 
, the relativistic diffusion [5] is obtained by projecting a diffusion process with values in the 
orthonormal frame bundle, solution of a stochastic differential equation. This SDE generates a 
stochastic flow which, in our Lorentzian framework, consists in a stochastic perturbation of the 
geodesic flow. Existence and computation, for example, of the Lyapunov spectrum and stable 
manifolds of these flows may be investigated in the same way as it was done by Carverhill and 
Elworthy for the canonical stochastic flow in the Riemannian framework. The main difficulty 
to study the flow of relativistic processes comes from the fact that the orthonormal frame bundle 
of a Lorentz manifold is never compact. Nevertheless in this article we provide a study of the 
asymptotic dynamics of the stochastic flow generated by Dudley processes in the Minkowski 
space-time (without restricting ourselves to the diffusion case). Precisely, in this framework, 
the orthonormal frame bundle is identified with the Poincare group G := PSO{l,d) k M.^''^ and 
denoting (j>t the left invariant stochastic flow associated to one of Dudley's processes in G we 
obtain the description of the Lyapunov spectrum and the stable manifolds of ipt- Precisely we 
obtain the following two results. 

Theorem 1 (Lyapunov spectrum). There exist a constant a > and two asymptotic random Lie 
sub-algebras C V^^^ of Lie(G') such that for some norm \\ ■ \\ on Lic(G') and X G Lic(G) we 
have for almost every trajectory 



iiog||d^,(id)(x)||^,(M)^^^<( if xev^\v. 



a if X&Ue{G)\V^ 

if xev^\v- 
a if XeK^\{0} 



Theorem 2 (Stable manifolds). Denote by := exp(VQ^) and d the distance associated to a 
left invariant and Ad{SO{d))-invariant Riemanian metric in G. Then for any two distinct points 
g' and g in G we have 

• Ifg'^ then 

-\ogd{ipt{g),ipt{9')) ~a. 

t >4'Oo 

• Ifa'i 5V00 then 

\im.\nid{Lpt{g),Lpt{9')) > 0. 

We begin by constructing, in section [5J Dudley processes as projections of left Levy processes 
on the Poincare group G, identified with the orthonormal frame bundle of the Minkowski space- 
time. These Levy processes are solutions of stochastic integral equations and induce a left invariant 
stochastic flow ipt in G. In section [3] we find the asymptotic behavior of Dudley processes and 
exhibit the asymptotic random variables (0cx3,Aoo) G E>'^~^ x R^. Finally in section 0] we prove 
Theorems [T] and [5] and explicit the projection of the stable manifold in H"* X Ri''' by showing that 
it corresponds to a skew product of a horosphere by a line. 

Note that stochastic flows generated by Levy processes on semi-simple Lie groups were inten- 
sively studied by Liao ([H], [H], [IS])- But his results cannot be used directly here since our 
Levy processes lie in the Poincare group which is not semi-simple. Moreover in our work we 
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suppose only that the Levy measure is integrable at infinity whereas Liao [13] request the entire 
integrability of it. 

Our work is also strongly inspirited by the work of Bailleul and Raugi [1] where the authors 
used Raugi's methods [T4| to find the Poisson boundary of Dudley diffusion. 

2 Dudley processes and their lift in the Poincare group 

We present in this section the geometrical framework of special relativity and define a natural 
class of relativistic Markov processes with Lorentzian-covariant dynamics introduced by Dudley 
in [5]. They are obtained by projecting left Levy processes with values in the Poincare group and 
are described by two parameters: a diffusion coefficient cr S R and a jump intensity Levy measure 
V on M.\. 

2.1 Minkowski space-time and Poincare group 

The Minkowski space-time R^''' is M x R'' endowed with the Lorentz quadratic form q defined by 

= • • • e K X R^ - {ef - {ef — {C'f ■ 

We denote by ^ := (^^, . . . , ^'')* the space component of ^. 
Set 

Q = Diag(l,-l,...,-l) 

the matrix of q in the canonical basis (eo, ei, . . . , e^). Time orientation is given by the constant 
vector field eo and some ^ G R^''^ is said to be future oriented when q{^, cq) > 0. A path 7^ 
in R^''' is said to be time-like when it is differentiable almost everywhere and > and 

9(73,60) > 0. The Poincare group is the group of affine g-isometries which preserve orientation 
and time-orientation. It is the semi-direct product connected group 

G := PSO{l,d) K Ri^'^ 

where G :— PSO{l,d) denotes the group of linear g-isometries which preserve orientation and 
time-orientation. An element g = (9,^ & G is made up of its linear part g G G and its translation 
part ^. We identify G with the sub-group of G which fixes 0. By this way, we identify R^''' with 
the homogeneous space G/G. The identity element of G and G is denoted by Id (thus for us 
Id — (ld,0)). At g — (5,^) G G we associate the affine frame ((^(eo), f/(ei), . . . , 5(6^)); ^) of R^''' 
and G is identified with the bundle of q-orthonormal, oriented and time-oriented, frames over 
Ri'''. We denote by 

n: G — > Ri^'' 
5 = (3,0 ^ ^ 

the projection associated to this trivial fibration and G — 7r~^{0}. The canonical basis being fixed 
we identify G with the matrix group 

G={ge SLlR'^+i), gQg' = Q, g(g(eo),eo) > O} , 

and its Lie algebra is 

Lie(G) = {a: e Xd+i(R), AQ-QA* = 0} 

6 e R^ C e 7Wd(R) s.t G = -G^j . 

We have Lie(G) = Lie(G) x Ri^'' and for X = (A, a;), Y = (F, y) G Lie(G) 

[X,Y]^{[X,Y\,Xy-Yx). 
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We identify Lie(G) with Ker(c?id7r) and its elements are vertical for the fibration tt. We set 

Vi := eoe* + e^ep i = 1, . . . ,d 
Vj := [Vi,Vj] = e^e* - e^-e* j > i. 

Moreover we set 

Ho := (0, eo) G Lie(G) 

which is horizontal for the fibration ft. 

Notation For X e Lie(G) we denote by the left invariant vector field in G associated. 
Denote by K the subgroup of G made of the rotations of R'^. We have 

and K is also the stabilizer of eo under the action of G on M.^^'^. The homogeneous space G/K 
can be identified with the orbit of eo under the action of G which is the unit pseudo sphere 
H'* := G M}''^, q{£,) = 1,^" > 0} and is a Riemannian manifold of constant negative curvature 
when its tangent space is endowed with the restriction of g on it. 
For r e R+ and 6* e S"*-! C M'^, define 

Sir. := „p (. g ..K,) = ( „ , ^1 . 

Each g <E G can be decomposed in polar form g — S(r{g), 0(g))R where R G K. 
2.2 Dudley processes 

In this paragraph we define the relativistic processes introduced by Dudley in 6, . These processes 
enjoy two natural properties: 

• they are G-invariant i.e their dynamics are invariant by a change of g-orthonormal frame 

• their trajectories in M}''^ are time-like: they are almost everywhere differentiable,and the 
tangents vectors are time-like and time oriented. 

First remark that no Markov processes with values in M}^"^ is G-invariant. Indeed, the law at 
some time t > of such process starting at would be a G-invariant probability measure in M}''^ 
which is necessary trivial by the following lemma. 

Lemma 1. The only G-invariant probability measure in K}-'^ is the Dirac measure at 0. 

Proof. Let /i be a G-invariant probability measure in R^'''. First suppose that the support of 
/i is not contained in the g-orthogonal hyperplane of some light-like line {u(eo + 0),u e M} ( 
9 :— X^iLi £ ). So there exist a compact set G in the complement of this hyperplane 

such that n{C) > 0. For g = S{r,e), r > and ^ = (^°,|) G R^''^, denoting || • || the Euclidean 
norm in M^^'' we have 

= MgiO, eo)' - qigiO) = 2qi^,g-\eo) f - = 2 (cosh(r)^o - sinh(r)^ ■ tj' ^ qiO 
= 2 (cosh(r)(e° - ^ + e-^e • - q{0 
= 2 (cosh(r)g(e, eo + ^) + er^O • f) ' - q{0. 

Since G is a compact set in the complement of the q-orthogonal hyperplan to {u{eo + 0), u G M} 
then inf^gc \q{£,, eo + ^)| > and thus r can be chosen such that inf^gc 11.9(011 i*^ arbitrary large. 
Thus g can be chosen such that G and g{G) are disjoint. Furthermore q{g{£.), £o+(^) — ff~^(eo + 
9)) — e''g(^, eo -I- 9) and thus g{G) belongs to the complement of the hyperplan g-orthogonal to 
eo + 9. By iteration we can find a sequence gk — S{rk, 9), k € N such that the compact sets gk{C) 
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are pairwise disjoint. Thus we obtain a contradiction writing 1 > fi(UkgkiC)) — X^fcA'lSfcC^)) ~ 

Now if the support of fi is contained in some hyperplan tangent to the hght-cone and is not 
restricted to 0, we can find a compact set C in this hyperplan with ^ C and /i(C) > and we 
can choose a rotation R E K such that R{C) is not in the hyperplan. Thus /i(C) = fi{R{C)) — 
and it gives a contradiction. So we proved that /i is necessary the Dirac measure in {0}. □ 

Thus Ml''* = G/G cannot be the space of states of some non-trivial G-invariant Markov process. 
But G- homogeneous spaces of the form G/K where X is a compact subgroup of G have some 
ii'-invariant probability measure and may be endowed with some G-invariant Markov processes 
(see [13] or [5] ) . The smallest spaces of states we can consider correspond to the maximal compact 
sub-group of G. Thus it is natural to consider the space of states G/K ~ H'* x R^-'^. The group 
K is seen as the subgroup of G which stabilize and eg under the action of G on R^"'*. 

We denote by tt : G i — > H'* x M.^^'^ ~ G/K the canonical projection 

V.9 = (g,e)eG vr(,g) = (.g(eo),e). 

The following Proposition exhibit all the relativistic processes in H'' x R^^''. It is essentially 
an application of a result of Liao ( Theorem 2.1 and 2.2 p 42 in T3 ). 

Proposition 1. The Markov processes on H'' x R^-'', starting at (Coj^o); which are G-invariant 
and whose trajectories are time-like are of the form (Cs,Cs) where Cs is a G-invariant Markov 
process on and = £,q + ci Jq Csds; a being some positive constant. For such a process there 
exist cr > and a measure v on R"*" satisfying 

-t-oo 

min(l, r^)i/((ir) < -|-oo, 







such that (CtT^t) = '^{gt) in lo,w where gt is a left Levy process on G starting at ga s.t (Co, Co) 
7r(go) of which generator C is defined by 



^2 



d 



V/ e C\G) Cf{g) = aHl,f{g) + _ ^(f/) ^(s) 




f{gS{r, 9)) - fig) - rl^^^oA] E ^'^//(ff) ''idr)de. 



i=l / 

Definition 1 (Dudley processes). When a = 1 then = Ct ^ind is parametrized by its proper 
time, i.e q{£,t) — 1- When moreover cr or is non trival we call (Ct,Ct) a- Dudley process and we 
consider exclusively these processes in the sequel. When ly — {^t,^t) is continuous and is called 
Dudley diffusion. 

Remark 1. The process is differentiate and is cddlag. 

Proof of Proposition\^ Let (Ct,6) a Markov (Feller) process on H'* x R^'^* starting at (Co,fo): 
which is G-invariant and whose trajectories are time-like. By choosing go such that (Co, Co) = '^{go) 
and considering the Markov process g(7^(Ct, CO it remains to prove the proposition in the case where 
(Co, Co) = (eo,0). 
Set 

(0,ej) e Lie(G), i = l,...,d. 

The family {-ffo. Hi, Vi, Vij}i<je{i,....d} form an orthonormal basis of Lie(G) for an Ad (ii')- invariant 
inner product on Lie(G) and Ker didTr — {l^j}i<jg{i,...,(i}- 
We set 

-^0 '■— Hq Xi :— Hi Xd+i :—Vi i ~ 1, . . . ,d. 

An h ~ (h, ^) e G can be decomposed inh ^ exp ^X^iLo x^(h)Xi^ exp (^"^td+i x^(h)Xi^ R where 
Re K, x°{h) = C° and for i = 1, . . .,dx\h) ^ C and x'^+'{h) = r{h)9'{h). By Theorem 2.1 and 
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2.2 p 42 of [13 , (CtiCt) coincide in law with Tr{gt) where gt is a left Levy process in G, starting at 
Id, which is if-right invariant and generated by 

^ 2d 2d . / 2d \ 

^f(9) = 2 E a,jXlXlf{9)+J2^'Xlf{g)+ f{gh) - f{~g) - J2Uh}<i^' ChW{~g) n{dh). 

i,j=0 4=0 ■^'^ V 4=0 S^WKi J 

The matrice A :— (uij) is a positive symmetric , {b^)i E M.'^'^^^ and 11 is a Levy measure invariant 
by X-conjugation in G. The right iiT-invariance of gt ensures that for all fc G A' ~ SO{d) , 
diag(l, k, fc)Adiag(l, k, k)^^ = A. Thus, A is necessarily of the form 

^(7 

aid CT'Id 
^0 cr'Id CTld^ 

where it, o" > and acr > {<y'Y ■ Moreover, using again ii'-invariance it comes If — for i — 
1, . . . ,2d and we set a b'^. The trajectories of gt projected in R^''* need to be differentiable so 
the jump measure 11 is supported on G and a and a are necessarily null. Since the trajectories 
are time-oriented we have a > 0. The push forward of 11 by tt is supported on G/K ~ H'' and is 
X-invariant. Thus 11 can be chosen of the form 

yfeGo{G) Uf= / f{S{r,e)Mdr)d9 

Jo JS'i-i 

where i/ is a Levy measure on M.*^_ ( i.e satisfying J min(l, r'^)i^{dr) < +oo). □ 

Denote by gt the G-component of gt. Thus gt{eo) = it and ft = gs{eQ)ds. By definition gt 
is a G-valued left Levy process, i^-right invariant, generated by C defined by 

V/ e C\G) Cf{g) = J^^ {f{~gS{r,e)) - f{g) - rl,e[04] E ^'^^'/C?) 1 Hdr)de. 

Denote by 11 the Levy measure supported on G defined by 

n/= / / f{s{r,e))v{dr)de. 



JS'i-i 



Define C/q '■— {g G G, r{g) < 1} which is a X invariant neighborhood of Id in G. For / e C'^{G) 
we have the following Ito formula (see [2;) for gt 



{figs-h)^f{g,-))Nids,dh) 

Uo 

(1) 



f{gt)^fiU)+aJ2 fv!fig,-)dBl + ^ f Y.{Vif I{gs-)ds + f ( 
^^■^ Jo ^ Jo Jo Ju 

^ fo lu {^^^'^ " ^ ~ '^^^^ ^ 0\h)Vlf{gs- )^ dsliidh) 
+ f I {f{gs-h)-fig,-))Nids,dh), 

Jo J{Uor 

where Bt is a Brownian motion of M'', A'" is a Poisson random measure on Rx G of intensity measure 
dt®Ii and N(ds, dh) := N{ds, dh) — dsll{dh) is the compensated random measure associated. 



3 Asymptotic random variables 

In this section we determine the asymptotic behavior of TT^gt) — (<?t(eo),Ct) under an integrability 
condition on the jump intensity measure v (AsslIJ. Writing gt — ritatkt in some Iwasawa decom- 
position of G we first prove (PropH]), applying the Ito formula ([1]) and the law of large number, 
that the abelian term at — exp(cktVi) is positively contracting, ^ converges almost surely to a 
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positive constant a depending explicitly on cr and v. Next we prove (PropH]) that the nilpotent 
term nt converges almost surely to an asymptotic random variable riaa and this convergence is 
exponentially fast with rate a. Then we investigate (ProplS]) the asymptotic behavior of in 
. Geometrically, seen in the projective space, the H'^-valued process gt{eo) converges to a 
limit angle 9oo G dMf^ ~ E>^^^ of which rioo is a stereographic projection. Moreover, the process 
is asymptotic to some afhne hyperplane g-orthogonal to 600 of which position is fixed by another 
asymptotic random variable Aqo G Figure [1] sum up the asymptotic results. 




Asymptotic angle Asymptotic affine hyperplane 



Figure 1: Asymptotic behavior of a Dudley diffusion 



3.1 Iwasawa decomposition in G 

Although a polar decomposition of G was used to introduce gt (defining the K invariant mea- 
sure n), Iwasawa decomposition seems to be more adapted to describe its asymptotic dynamics. 
Introduce briefly this decomposition. 

The maximal abelian subalgebra contained in Vect{Vi, . . . , Vd}, which is the orthogonal sub- 
space of Lie(G') of JC for the Killing form, is of dimension one. Let choose A := Vect{Vi} one of 
them. The linear endomorphism ad(V^i) of Lie(G) is diagonalisable with eigenvalues —1, and 1. 
Set 

TV = {X e Lie(G), ad(t/i)X = -X} AT = {X e Lie(G'), ad{Vi)X = X} 
the eigenspace corresponding respectively to the eigenvalue —1 and 1. Explicitly 

Af ^Yect{V,-Vu, i = 2,...,d} and 17 ^Yect{Vi + Vu, i = 2,...,d}. 

The eigenspace corresponding to is where A4 is the sub algebra of elements of JC which 
commute with the elements of A. Explicitly 














M=Vect{V^j, i,i = 2...4=| 


l(: 





•) 


, C G so{d 














The subspace A/" is a nilpotent Lie algebra (even abelian since [JV,JV] — 0). The corresponding 
Iwasawa decomposition of Lie(G') is 

Ue{G)=Af®A®IC. 
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For X e Lie(G) we denote by {X}^ (resp. {^}^ and {X}ic) its projection in Af (resp. A and 
/C ) thus X = {X}^f + {X}a + {Xjic- Denoting by A := exp(yl), N := exp(A/') the subgroup 
corresponding we obtain the corresponding Iwasawa decompositions of G 

G = NAK. 

Moreover, the mapping from N x A x K to G which maps (n, a, k) to nak is an analytic diffeo- 
morphism. For g <E G we denote by 5 = {g)N{g)A{g)K its decomposition in Iwasawa coordinates. 
To simphfy notations set rit := {gtjN, at := {gt)A and fcf = {gt)K, thus gt = ritatkt. 

Note that we have other Iwasawa decompositions Uke Lie(G') = N (B A® IC (with G = NAK). 
Iwasawa and polar coordinates. 

For g £ G written in polar form g — exp ^^^-^ 0* (T^ — Vufj R where i? e we have 
5(60,5(60)) = cosh(r). 

Now denoting by 6 € R'*"^ and m g M such that {g)N = exp (^J2i=2 ~ ^i*)) ^^'^ (.9)^ — 
exp (uVi) we can compute explicitly (7(60, <7(6o)) in terms of b and u and we obtain 

cosh(r) = (^1 + ^) cosh(u) + sinh(u). (2) 

Moreover u can be expressed in term of 9 and r via 

e" = cosh(r) + sinh(r) (3) 



3.2 Asymptotic behavior of the G-component 

The aim of this section is to show that rit converges almost surely to an asymptotic iV- valued ran- 
dom variable Uoo and that the convergence is exponentially fast. This result, stated in Proposition 
m appears to be a consequence of the contracting property of at. For this we need the following 
integrability condition on i^. The group G is semi simple and the tools used in this section are 
very closed from those of Liao [13] . Nevertheless we present a self-contained proof in our specific 
framework and our results are established under a weaker assumption than the ones of |13j ( see 
remark [3]). Namely we suppose that the following integrability condition is satisfied. 



Assumption 1. 

f +00 



ri'{dr) < +00. 



The following proposition computes explicitly the linear drift of at which appears to be positive. 
The proof is essentially a consequence of the law of large number. 

Proposition 2. Let denote by at the W-valued process such that at = exp(a(Vi). Then the 
following convergence holds almost surely 

at 

— — > a>0. 

t t^oo 

The positive constant a is 

d-l y f+°° rcosh(r) - sinh(r) , , , 

Proof. First define log : A ^ A ^ M. exp{uVi) H' uVi and apply Ito formula ([T]) to the smooth 
map f : g^ \og{g)A- Remark that for g,h gG {gh)A = {g)A {{g)Kh)j^ and 

f{gs-h) - f{gs-) = log {ks-g)A ■ 
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Moreover 

d 



t=o 



= {Ad{k,^)V,}A 



t=0 



d_ 

' t=o 
{[{Ad{ks-)V,}^,Ad{ks-)Vi]}^ 



{V,')'f{9s-)^ -{Ad{g.^e'''')^V,}A 



t=o 



dt \ / K 

4 • 

For k £ K we have Ad{k)Vi — where k — (kij) G if ~ SO{d). Then we compute 

d d d d 

j=i i=i :;=i ;=i 

since {Vj}ic = Vij (and for j = 1 ) and [Vij, V;] — ViSji we get 

d d d 

E {[{Ad{k,^)v.}^ , = E E((^-)'j)'^i = - 1)^1- 

1=1 j = 2 4=1 

Thus Ito formula (H]) can be written 

bg(at) - Mt + '^-^o'h +11 log{k,^h)AN{ds, dh) 
^ Jo Ju§ 

where Mt ■= cr^f^^ fg{Ad{ks-)Vi}AdBl + J^^^{ks-h)AN{ds,dh) is a martingale. Its bracket is 

/o Eti \\{Ad{h.mu\\'ds + /^^ II iogik,^h)Ardsuidh) = t[a^+ /^^ II iogih)Arii{dh)) 

and thus we obtain that almost surely 

Mt ^ Q 

t t— >+oo 

Moreover, making the change of variable h' — kg-kk'^'^ we obtain using the if-invariant by 
conjugation of 11 

^ J ^ (^ogik,^h)A-rih)J2e'ih){Ad{k,_)V,}^dsUidh) 

= / / \og{h')A-r{h')y2e\k;^h'){Ad{k,_)V,}An{dh')ds 

Jo JUo 

= / / \og{h')A-r{h')y^y^{ks-),,0'{h'){k,_),iVin{dh')ds 

Jo JUn 



'0 JUo ^=lj=l 
t r 

\og{h')A - r{h')e^{h')Vi U{dh')ds 

JUo 

1 

\og{S{r, 9)) A - rO^Vi v{dr)de 



By ([3]) we have log(5(r, 6*))^! = log(cosh(r) + 6'^ sinh(r))Pi and the previous term equals 

tj log{cosh{r) + smh{r)) - rO^ v{dr)deVi = t (^J log (cosh(r) + wsinh(r)) ~ ^""^^ i^{dr)Vi 

r cosh(r) — sinh(r) , , , 
Jo sinh(r) 
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It remains to consider the asymptotic behavior of the stochastic integral J^^ ^og{ks-h)AN{ds, dh). 
We know that there exist jump times of a Poisson process of intensity measure li{U§) and ran- 
dom variable /i„ i.i.d of law Il\ug /^{Uq) and independent of (Tj)j such that 

/ / log{ks-h)AN{ds,dh) = ^ log{kj,-hn)A- 
Jo Jus „,T„<t 

Moreover, by invariance of 11 under conjugation by K we check easily that the random variables 
h'^ := Ad{kj,- )hn are i.i.d of common law n|(7o /II[Uq) and we have 

log{ks-h)AN{ds,dh) = Vlog«)A, 

where Nt is a Poisson process of intensity measure II{Uq) and independent of (/i^)"- Moreover 
since °° rv(dr) < +00 then log(/i^)^ is integrable and the law of large number ensures that 

- f I \og{ks-h)AN{ds,dh) n([/o")E[log(/i;)^]. 



The proof is ended by checking that 



^r, 1 1 /"''°° r cosh(r) — sinhfr) , , 
nogiK)A = ^^l sinh(.) 



□ 

r+oo 



Remark 2. When °° ry{dr) = +00 we obtain E[|log(/i^)A|] = +00. Nevertheless 



E 



J — min (log(cosh(r + sinh(r)), O) —^v{dr) 



/■+00 /■! 
Jl Je 



■ log(v) 



dv 



1 sinh(r) 



i'{dr) 



+00 



1 



-{l-e-''{r + l))v{dr) < +00. 



/ 1 2 sinh(r) 

Now, applying a generalized law of large numbers we deduce that almost surely 



- [ [ log{ks-h)AN{ds,dh) — > +00, 



and so 



t 



-00. 



The following proposition establishes that gt is bounded in expectation on a finite time interval. 
This result is used to prove the convergence of nt in the next Proposition. 



Proposition 3. Fix T > 0. Then 



E 



sup r{gt) 

tG[0,T] 



< +00. 



Proof. We cannot directly apply Ito formula to g ^ r{g) since it is not regular at Id. But we can 
find a smooth function f such that f > r on C/q and f = r oxiUq. For such a function we have 



f{gt) = f{Id) +mt+mt + It + Jt+ f f {rigs- h) - fig^- )) N{ds, dh). 

Jo Jus 



(4) 
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Where rht := cr Vlf{gs-)dBl and rht := /^^ {f{gs-h) — f{gg-)) N{ds,dh) are martingales, 
^*:='^'/oEti(^/)'%.-)d^and 



/O ^rG[0,l] ^SGS'*-! 

are processes with finite variation. 



f (5,- 5(r, 0)) - f (g,- ) - r ^ 0^/^(5,- ) d9,^{dr)ds 

1=1 / 



To prove the proposition we will bound the supremum on [0,T] of each of these five terms 
by means of ||X'f||oo and ||(X')^f||oo for some X e Vcct{V^i,i = l,...,d}. Thus we need the 
following lemma. 

Lemma 2. For X eV = Ycci{Vi,i = 1, . . . ,d} we have \\X''f\\oo < +00 and \\{X^)^f\\oo < +00. 

Proof of the lemma. Uq being a compact set it suffices to show that the supremum is finite on J7g . 
Since f = r on J7g it remains to prove that sup^g^^c \X'-r{g)\ < +00 and sup^g^^c \ {X^)^r{g)\ < +00. 

The polar decomposition of g can be written g = kexp{r{g)Vi)k for some k,k G K. Setting x G M"^ 
such that X = x''Vi we have 

r{gexp{sX)) = r cxp(r(5)Vi) exp s^{kxyVt 



Let 6* e § be such that (kxY — \\x\\9\ Then we compute explicitly, for g e Uq: 



r ^exp(r(5r)yi)exp ^(/cx) j 



= (cosh) ^ (cosh(r(5)) cosh(s||a:;||) + sinh(r((7)) sinh(s||a::||)) 



Then it comes that 



X'rig)= -rigexpisX)) 



s=0 



and thus sup^g^/c |X'r(5)| < ||x||. 



Moreover 



{X'yr{g)= — r(5exp(sX)) 



l,ll2£^!M!l3))(l_(0i)2) 



s=0 



and so supg^jjc \ {X^fr{g)\ < 2\\x\ 



□ 



Return to the proof of Proposition O By Doob's norm inequalities (see [TU]) we obtain 

T d 



E 
and 
E 



sup \rhtY 
te[o,T] 



sup |TOtp 

te[o,T] 



< 



< 



4E [{rriTf] < 4cr^E 



4E [(mr)^] < 4E 



< 4cr2Tdmax|lK-'r|lL < +00. 



Jre[a,i] J0& 



\f{gs-S{r,e))~f{g,-fu{dr)deds 



< 8dT [ r^v{dr) max \\Vlf\\l^ < +00. 
Jo ' 



We have also 



E 



sup \It\ 
tG[0,T] 



< cr^T<imax||(y/)2f||^ < +00. 
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Moreover applying a Taylor inequality to m € [0, 1] f-s- f{gg-S{ur,9)) it comes 



f (g,- S{t, 9)) ~ fig,- ) - r ^ ^V/f (g,- ) 



< — r sup 

2 eeS'*-! 



< +CX) 



and thus 



E 



sup \Jt\ 
te[o,T] 



< 



T 



r^uidr) ) sup 



2 \./o y eeS'*-! 



< +00. 



Finally, to bound the supremum of the last term of @ we need the assumption [TJ Indeed, since 

\f{9s-S{r,e))-f{gs-)\ <rsupeggd-i \\{Y.^^'y^) A\oc, we obtain 



E 







sup 


/7 


te[o,T] 





r{9s-h) - f{g,-)dsll{dh) 



< Td ( j rv{dr) ) max + 00. 



□ 



We can now state the main result of this section, the convergence of nt to some asymptotic 
random variable rtoo and the speed of convergence. 

Proposition 4. Denote by bt = {b\)i=2,...,d the W^^^ -valued process such that 



nt 



Then bt converges almost surely to b^o exponentially fast with rate a, i.e 

lim sup J log 1 1 64 - booW < -a. 

t-y+ca t 



(5) 



As a consequence ut converges almost-surely to n^o :— exp ^^^^2 ^ (^j ~ ^ij)) '^^'^ defining 
ht :— e~*"^^n'^ gt we obtain 



lim -r (ht) = a.s. 

t->+oo t 



(6) 



Proof. Denoting by [t] the integer part of t we decompose bt — X]'=i(^j ~ ^j-i) + bt — b[t]- To 
prove that bt converge and (O holds it is sufficient to verify that 



limsup-log sup — < — a a.s. 

j-^co J sG[04] 

For j G N and s e [0, 1] we have gj^gj+s = kJ^aJ^nJ^nj+sCLj+skj+s and thus 

nj^n^+s = flj {g^^gj+skj)^aj\ 



(7) 



(8) 



Denote by 6,,, = {^^,)^=2,...,d e M'^^^ such that (g-ig.+.fc,)^ = exp (j2t2 - ^i^) • Then, 



([SJ implies that 



bj+s -bj "'b-i^s- 



(9) 



Since gt is a Levy process, (sup^grQ ^-i r{g- ^gj+s)] are i.i.d random variables. Moreover, by 

Proposition 13] their common expectation E[sup^g[Q r(gs)] is finite. Thus, applying the law of 
large number it comes 



^ sup r{g, '^gj+s) ; — > a.s. 



J se[o,i] 



(10) 
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Since r((g^- ^3^+^)^) < 2r(g^. ^5^+,) and, by ©, \\bj,sf = 2 (^cosh (^r {g- ^ gj+,kj) - ij we 
deduce from (fTO]) that for e > there exists jo such that for j > jo 

\\h-s\\<e''- (11) 

Since, by Proposition [21 aj — ja + o(j) thus ([7]) follows from ^ and ([TT|) . To finish the proof of 
the proposition we need to check ©. We have 

r{ht) = r(e~"'^^n-intat) < r(e-"*^iat) + r(a-in-intat), 

and r(e~"*^^at) = |at — aij = o{t) and we obtain from ([2]) ( since a^^n^ntat G A^), 

2 ' 



r(ar^n^^n,aO = cosh"! (^1 + e^"' "^^ 



So by (O we have also r{a^ Uooat) — o{t) and ^ holds. □ 

Remark 3. • Without integrability condition, we can nevertheless show that gt satisfy the 
irreducibility and contraction conditions of JlSf and deduce that at converges almost surely 
to +00 and rit converges to Hoc- Nevertheless, by remark\^ we obtain in the case where 
rv{dr) = +00, that almost surely ^ converges to +00. 

• In the author uses a stronger hypothesis to prove the rate of convergence of a Levy process 
in a semi-simple group. It corresponds in our case to assume that rv{dr) < +00. 

3.3 Asymptotic behavior of the M^ '^-component 

The linear endomorphism ^ i~> exp(Vi)^ is diagonalisable with eigenvalues — 1,0, +1. Denote by 
U~ , C/° and [/+ the respective eigenspaces. Exphcitly — Vectjeo — ei}, t/° = Vect{e2, . . . , e^} 
and = Vectjeo + ei}. For ^ e K^''' we denote by (^)~, (^)° and (^)+ its projection on each 
eigenspace. Explicitly we obtain 

= ^0 + ^i){(^t) - ei), (C)^ = ^^(C, eo - ei)(eo + ei) 

d 

Recall that by definition, = gs{eo)ds. The following proposition gives the asymptotic 
behavior of ^4 . 

Proposition 5. There exists an asymptotic random variable Aoo > such that 

Aoo(eo - ei), 

and moreover 

limsup jlog||(n;^^5t)" - Aoc,(eo - ei)|| < -a. (12) 
t 

We also have 

limsupjlog|l(n;,i6)"ll <0, and, limsup ^ log < (13) 

Proof. We have 

1 /"* 1 

- lj^q{n^£,t,eo + ei) ^ j --q{n^nsas{eo),eo + ei)ds (14) 
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and the integrand can be written 
1 



o9("-oo "sas(eo),eo + ei) = --(7(e "^^^n^ 71^05(60), e "'^^^eo + ei)) 

= -^e-°"'q{h,{eo),{eo + ei)), 



where hg = e °"^n^gs as defined in Proposition S) 

Denote by {fs,Os) € x S''"^ the polar decomposition of /is(eo) G H''. So f — r{hs) and 

-ie-"^g(/i,(eo),(eo + ei)) = ie""^ (cosh(f,) - 0^ sinh(f,)) e i[e-("'^+'==), e-("^-^=)]. 

Proposition m ensures that fs — o{s) a.s, so fixing e > arbitrary small we can find so > such 
that for all s > sq the integrand of is positive and bounded by e^^"^^)"*. This ensures the 
convergence of {n^£^t)~ to Aoo(eo — ei) with Aoo > 0. Moreover for t > sq 



-l^<l{nJit,eo + ei) - Ac 



< 



a — £ 



which prove (fT^ . 
Now 



fe^6)° = y' / qin^nsasieo),e^)dse^, 

and for i = 2,...,d we have q{n^nsas{eo),ei) = q{e~°"'^^n^nsas{eo),ei) = 0|sinh(fs) so 
\q{n^nsas{eo),ei)\ < e^" and this ensures that limsupj^_|_j^ i log || (n^^ft )0|| < 0. 
Moreover, 

= (^J {n^nsasieo), eo - ei) ds^ (eo - ei) 



and 



^q{no,^nsas{eo),eo - ei) = ^e""' q{ht{eo) , eo - ei) 



^e"^- ( cosh(f,) - 6] sinh(f,) ) e - [e"^-^- , e"^+^= 



So 



and thus limsup^^+c^ } log \\inj^t)^\\ < a. 



□ 



3.4 Geometric description of the convergence 

Denote by p : R^''^ \ {0} — >■ P'^M. the projection onto the projective space of dimension d. The 
hyperboloi'd H'' is mapped onto the interior of a projective ball and its boundary {dM'^ ~ 
is the image of the g-isotropy cone 

9tf :=p({^,g(O=0}\{0}). 



From the relation 



q{it,nt{eo + ei)) = q{gt{eo),nt{eo + ei)) ^ q{eQ,a^^{eo + ei)) ^ e — ^ 0, 

we deduce that all limit points of p(^t) are g-orthogonal to 6100 p(^oo(eo + ei)). Since the only 
point of p(IHI) which is g-orthogonal to 6100 is ^00 itself it comes that p{£,t) converges to 9oq in P'^R. 
Now, identifying P'^M with its affine chart {^, f° = 1} we can consider that 9oo S S"*- From ^ 
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we deduce that rt — >■ +00 and since p(^t) — p(eo + ^t^J^^^^) it comes that 9t converges to 6*00 in 
S'^. The two asymptotic random variables Ooo and riao are hnked by 

p(eo + Ooo) = P(n-oo(eo + ei)) 

or more exphcitly, boo G M''^^ (defined by rioo — exp (^i^2 ^00^(^1 ~ ^lO) ) is the stereographic 
projection of Ooo 

1 A-ii6oor 



°° 1 + 116^112 V 2boo 

Concerning the asymptotic behavior of ^4, Proposition [S] ensures that q{Ct, nooiso + ei)) con- 
verges to Aoo- Thus geometrically ^4 is asymptotic to an affine hyperplan which is q- orthogonal 
to noo(eo + ei) (or eo + 6*00 ) and passing by Aoo(eo - ei) . 

4 Lyapunov spectrum and stable manifolds 
4.1 Lyapunov spectrum 

The Levy process gt, with values in G and starting at some g, can be obtained by solving the 
following left invariant stochastic integro-differential equation in G 

yfeG^G), /(fft) =/(.9)+^V f V!fCg,-)odBl+ f Hi{g,-)ds + f [ (fCg^-h) ~~ fig,-)) Nids,dh) 

„_i Jo Jo Jo JUn 



f I (fC9s-h) - fi~gs-) - r{h)J29\h)V!fi~g,-)\ dsUidh) 



(15) 



JUo \ ,=1 

/ {f{~gs-h)-f{~g,-))N{ds,dh). 
J{Uoy 

This stochastic differential equation induces a stochastic flow ipt in G which maps g on the 
solution at time t and starting at g of (1151) . By left invariance 1^94 is also defined by 

ifit: G ^ G 
9 ' — > ~9~9t, 

where gt is starting at Id. ^ 

Denote by || • || any norm on Lie(G') and by || - jig the left invariant (Finsler) metric associated 
in G on TgG. For v € TgG we aim to investigate the asymptotic exponential rate of growth or 
decay of \\dipt{g){v)\\^^(^gy Denote by Lg the left translation by g in G. By left invariance of 
the flow, ||rf^4(g)(w)j^^(g) = \\d^t{U){X)\\^^^u) where X {dLg)-^{v) e T^G = Lie(G). For 
g ^ {g,£,) E G and X,Y E Lic(G') it comes 

Ad(g)(X) = iAdig)iX),gx-Adig)iX)0 (16) 
ad{Y){X) = (ad(r)(X), Yx - Xy) . (17) 

The endomorphism X i-> ad(Vi,0)(X) is diagonalisable on Lie(G). Its eigenvalues are —1,0,1 
and we denote by , and the eigenspaces associated. 
We can check that 

X e [7+ <^ X e AT and .X e C/+ 

X X A® M imd X e U° 

X e <^ X e A/" and .X e 
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Set 

9oo ■= ("-00, Aoo(eo - ei)) € G 



and Ad(5oo) [U+) , Ad(5oo) (C/" + ^7^ 

We denote by 

where we recall that gt '■= <^t(Id) is starting at Id. 
Theorem 1. Let X G Lie(G). For almost every trajectory 



I a if XeUe{G)\V^ 

-iog|ld^,(id)(X)|l^,(M)^^ <^ if xey^\F- 

-a if xe^^\{0} 



Proo/. By left invariance of |1 • |1, \\d(pt{ld){X)\\^^(^M) = || Ad(.gr^)(^)|| ■ We set, for g € G 

|Ad(.g)(X)|| 



|Ad(g)|| := sup 



Let X e Lie(G). Writting g^T^ = (jit^ ^ (e"*"^i, O) we deduce that 

""»";::;°'f"""U iiAdg-,(x,ii 

l|Ad(/it)ll 

< ||Ad(/.,)-'lll|Ad((e-*"^S0).9^i)(X)||. (18) 

Suppose for the moment that 

1 



lim sup - log 

t-y+oo t 



Ad(/it)-i <0 (19) 



and limsupilog||Ad(/if)|| < 0. (20) 

t->-+cxj t 

Then we deduce from ^ that i log || Ad(5t"^)(X)|| and i log ||Ad ((e-*"^S O) 5;^!) {X)\\ have the 
same limit when t goes to cxd. The linear isomorphism Ad (e^*"^i , O) is diagonalisable with eigen- 
values e~"*, 1 and e"* associated respectively to the eigenspaces U'^ , U'^ and U~ . Decomposing 
Ad(5oo)~^(A^) in the direct sum U~ ® C/" © f/+ and using a Euclidean norm || • || on Lie(G) for 
which this decomposition is orthogonal, we deduce easily the theorem (note that the convergence 
is independant of the chosen norm). 

Thus it remains to prove ([T5)) and ([20)1 . We have 

ht = (e"*"^\ 0) 5oo'fft = (e~*"''\ O) {n^\ -Xoo{eo - ei)) {ntath, 6) 
= (ht, e-*"^i (n-i^t) - Aooe*"(eo - ei)) 
= (Id, e-*"^^ (n-i^) - Aooe*"(eo - ei)) {h, 0) 

Let e > 0. By Proposition|3]we can find > such that Vt > to r{ht) < et and by Proposition 
[S]we have 

||e-*"^^ - Aooe*"(eo - ei)|| < e'^'\\{n-J^t)- - Aoo(eo - ei)|| + \\{n~^iM\ + e-^'\\{n^it)A\ 

< e^* 

Now using the following Lemma |3] we deduce easily (IT51) and (1^0]) . □ 

Lemma 3. There exist positive constants a,/3,7 such that for g ^ G and ^ G M}''^ 

|jAd(g,0)|| <ae'-(f) 
||Ad(Id,OII </3||eil+7. 
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Proof. All norms are equivalent and it suffices to check the inequalities for some particuliar norms. 
Let choose the following iS'0(d)-invariant euclidean norm on Lie(G') 



\\iX,x)\\ := y/TiiX'X) + x*x. 

We obtain easily 



|Ad(5, 0)11 =e 



'•(9) 



Taking now \\{X, x)\\ := ^/T^{X*X) + V¥x we get 



||Ad(Id, 0{X,x)\\ = VMXVq + \\x-X^\\ < \\{X,x)\\ + \\X^\\ 



□ 



< ||(A:,a;)|| + VTr(X*X)max|f I < ||(A:,a;)|| 1 + max |e' 

i \ i 

Thus ||Ad(Id, Oil < 1 + a\\^\\ for a constant a > independant of 
4.2 Stable manifolds 

First, remark that and V^^^ are Lie sub-algebras of Lie(G). Denote by 

V-:=exp(V-), and exp(yO ) 

the closed subgroup of G associated. 

Fix now a euclidean norm || • || on Lie(G') which is Ad(iir)-invariant. Such a norm is of the 
form 

"0 fe*' 



b C 



, X 



:= ^/K^¥b + /3^TT{C'C)+-/^x*x + S^{x°y 



for some positive constants k, f3, 7 and 6. We denote by d the distance in G associated to the 
left invariant Riemanian metric induced by || ■ ||. To simplify notations, we denote by d{g,h) the 
distance between {g, 0) and {h, 0) for g,h £ G. 

The following result shows that the stable manifold associated to (pt is tpoV^. 

Theorem 2. Let g and g' two distinct points in G. 

• irg' ^ gV^ then 

-\ogd{Lpt{~g),Lpt{~g')) ~a. 

t t— S- + 00 

• Ifg'i .gV^ then 

\im.i-n.id{Lpt{g),Lpt{g')) > 0. 

The properties of d we need in the proof of Theorem [2] are sum up in the following proposition 
Proposition 6. i) Left invariance 

yg^heG, d{g,gh) ^ d{ld,h). 

Thus d(ld, g^^) = d{ld, g) and triangularity inequality writes: 

Vg, h£G, d(Id, gh) < d{ld, g) + d(Id, h) 

ii) K-right invariance 

Vg e G and A: e K, d{{k,0),g{k,0)) = d{ld,g) 

Hi) For X e Lie(G) 



d Id,exp(X) < \\X 
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iv) There exists a neighhorood O of in Lie(G) and a constant C > such that 

yXeO, C\\X\\<d(ld,exp{X)^ 

d(Id,g)<d(Id, (5,0) 

vi) For g — S{r,0)R and g' — S{r',0')R' we have 

^=^—d (Sir, 9), S{r\e')) < dig, g') 
^/k? + 2/32 

vii) For all r > and 9 e S'^^^ 

d (Id, S{r,9)) = nr 

Proof of Proposition\^ i) and M).The left and X-right invariance follows from the definition of 
the metric as being a left invariant Riemannian metric on G defined from an Ad(-?C)-invariant 
inner product on Lie(G'). Inequality iii) is obtained remarking that the length of the path t e 
[0, 1] exp (tX^ is equal to \\X\\. 

iv). Denote by exp : Lie(G') — > G be the exponential map at Id induced by the metric || • || in 
G: for X E Lie(G), exp(X) = 7j^(l) where t £ [0, 1] i— > 7j^(t) is the geodesic starting from Id in 
the direction X. The differential at of exp is known to be identity and there exists a sufficient 
small neighborhood C of € Lie(G) such that: 

yxeo', \\x\\=d(i,c^{x)) . (*) 



Furthermore, the map exp ^ o exp can be defined in a neighborhood of and its differential at 
is the identity: exp~^ o exp(X) ^ X + o(||X||). So we can find O neighborhood of and G > 
such that for all X £ O, G\\X\\ < ||exp"^ o exp(X)|| < ^\\X\\. Taking O small enough so that 
e5q3~^ o exp(C') C O' , we can apply ((*]) to exp~^ o exp(X), thus yielding ||exp~^ ° exp(X)|| — 
d (/, exp{X)^ for every X eO. 

v) . Each path s e [0, 1] ^ joining Id to {g,() is of length \\{g^^gs, g^'^^s)\\ds which 

is greater than \\ {g~^gs, 0)\\ds corresponding to the path s € [0, 1] i->- {gs, 0) joining Id to {g, 0). 

vi) . Consider a path s S [0, 1] i— >■ S{rs,9s)Rs joining g to g' . We compute, using dot notation 



_i _i d / rs9l + sinh{rs)9s* 

R, S{r,,9s) —{S{rs,9s)Rs)=\ ■ n , ■ \h ( w ^ ^\ ( h at a ht\ , d-i 6 
ds \rs9s + smh(rs)6's (cosh(rs) - 1) 9s9l - 9^9]. + R^ 



Its length I := \\R-^S{rt,9t)-^f^S{rt,9t)Rt\\dt is larger than 

[ K\\rs9,+smh{rs)es\\ds ^ [ kJ (rs)^ + smh{rs)'^\\9sPds. 
Jo Jo 

Moreover, the path s H> S{rs,9s) which join S{r,9) to S{r',9') is of length 

^ ^Jk^ ((r,)2 +sinh(r,)2||^,||2) +(32 (^2(cosh(r) - l)2||0,||2)ds (21) 

< + /'\y^(f,)2+sinh(r,)2||g,||2dg. (22) 



Thus 



d{S{r,9),S{r',9')) < ^^±1^1 

K 



and taking the infimum over all the path joining g to g' we obtain vi). □ 
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Proof of Theorem[B Let Y e Lie(G) \ {0} be such that exp(r) ^ g-^g'. Then 

d{^t{g),M9')) = d (id, sr'exp (f ) gt) - (id, exp (^Ad{g^ . 

By TheoremlH if ? e Ad(5oo)(C/+) (i.e. if g' € gV<^) then ||Ad(gr^)(?)ll converge to exponen- 
tially fast with rate a and so for large t it evolves in O. Thus, using Hi) and iv) of Proposition |5] 
we obtain the first point of the theorem as a direct consequence of Theorem [TJ 
Set X := Ad(5-i)(y), thus 

Y = Ad(5oo) ((^)^ + {^y + (^ 

and write 

(xY = {X+, x+), where X+ £ F and x+ e C/+ 

_\ 

Xj ^ {X°, x°), where X" e A(SM smd x° e U° 
x] = (X^, x~), where X^ e TV and x^ e U~ . 



Now suppose that g' ^ .gV^^ which is equivalent to (x^ or (x^ 7^ 0. 

Suppose first that (x) ^ 0. Thus Y e Lie(G)\T/^ and by Theorem[I]|| Ad(5f"^)y || converges 



to +00 exponentially fast. Now suppose by contradiction that lim inf d \^d, exp \^Ad{g^ )Y j j = 0- 

Then we can find a St such that d (id, exp (Ad(g7/)(^))) converges to and for large t 
Ad(.g^^)(y) lies in O. The inequality iv) of Proposition [S] give us the contradiction and we 
have proved the second point of the Theorem if (x^ 0. 

So we can suppose (x^ — and (x^ 7^ 0. 

First case: X° 7^ . By v) of Proposition El d(ld,g^^ exp(Y)gt) < d (id, g^^ exp (f^ gt'j 
and it remains to prove that liminf(i(Id, 5^"^ exp(y)f;f ) is positive. But Y = Ad(r7,oc)(A^) and 
X = X+ + X° £ Af ® A(B M\Af. Consider an Iwasawa decomposition of exp(Ar) in G 

exp(A") — nam, n £ a £ A, and m G M, 

and am 7^ Id. Since Vg, h d{ld, gh) < d{ld, g) + d{ld, h) we get 

d{ld,gt^exp{Y)gt) = d{ld,ht^e-'°'^'name"'^'ht^) 

> d(Id,;it~ie-*"^iame*"^i/it) -d(Id,/tt-^e-*"^ine*"^i/it). 

Writting n = exp(Z),Z e JV and d{ld, ht^e-^"^^ne*°'^^ht) is dominated by e~*"+''(''*)||Z|| (by 
Lemma[3]and Hi) of Proposition[6]) and converges exponentially fast to zero (recall that by Propo- 
sition U r(/it) = o{t) a.s. ). Thus it remains to prove that liminf (i(Id, /i^^e~*"^iaTOe*"^i/ii) > 
to finish the proof in the first case. This is ensured by the following Lemma. 

Lemma 4. Let a E A and m G M s.t am 7^ Id. Then 3C > 0, V5 G G, d{ld, g^^amg) > G. 
Proof of lemma^ Consider the polar decomposition g = S{r, 6)R. Suppose first that a = Id and 
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v/k2 + 


2/32 


K, 




^K^ + 


2/32 








2/32 






v/k2 + 


2/32 



m 7^ Id. Then we get 

d(Id, 5"^mg) = d(Id, 5'(r, ~e)mS{r, 9)) = d{S{r, 6), mS{r, 6)) ^ d{S{r, 9), S{r, me)m) 

> —j====d{S{r,9),S{r,m9)) by vi) of Proposition [5] 

> '" {d{S{r, e),S{r, e)m-'^) - d{S{r, 9)m^\S{r, m9))) 
{d{ld,m-^)-d{S{r,e), mS{r,e))) 
{dild,m)-d{U,g-'mg)) 

Thus d{ld,g-^mg) > /; d(Id,m) > 0. 

Suppose now a 7^ Id. Let u ^ such that a = exjp(uVi), then an exphcit computation gives: 

d 

coshr (g-^amg) = cosh(u) (cosh(r)2 - {{m9f f sinh(r)2) - sinh(r)2 ^ 9'{m9y (23) 

1=2 

= cosh(u) + ^cosh(M)(l - iim9yf) ~ S\rney^ sinh(r)2 (24) 

> cosh(M) + (1 - 9\m9)) sinh(r)2 we used {m9y = 9^ (25) 

> cosh(u). (26) 

Then by vi) and vii) of Proposition [6] it conies 

K 



d(ld,g ^amg) > — =ku > 0. 

V«^ + 2/32 



Return to the proof of Theorem [2] 
Second case: X° = but x° 7^ . So X = {X+,x+ + x°) and exphcitely 

exp(l) = (exp(X+), x°+x+ + ^^) - (Id, e)(cxp(X+), 0), 

X + x° 



□ 



where we have set ^ :— x + , ^ 
Thus 

g^'eMyygt = K\e-'"''\0)exp{X){e'^''\0)ht 

= (Id,/it-^ie-*"^ie)(exp(Ad(/ir^e~*"^i)X), 0), 

and 

d{Id,g^^ eMY)9t) > d {Id, {Id, h-^e-'"^' ()) - d{ld, {exp{Ad{h~^e-'°'^')X), 0)). 

As done previously in the first case, d{ld, (exp(Ad(/if"^e^*"^i)X), 0)) converges exponentially 
fast to and it remains to prove that 

liminfd(ld, {ld,ht^e-*°'^'0) >Q. (27) 

Suppose by contradiction that we can find St such that d (id, (id, /ij/e~'*'"^i (^))) converges to 
0. By iv) of Proposition ini for large t 

d(ld,(Id, > Wh-'e-^^'^^'HOW 
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Since ^ ^ G we obtain directly that qi^^ — q{x^) which is negative since is supposed 
to be non zero. But 

= min(7, &f (2q(/^-le-^'"^^ (0, e^f - q {KI ''''''' (0) ') > - ^Hl, Sfqix') > 0. 

□ 

4.3 Projection on x E}'^ of the stable manifolds 

We explicit here the projection of V^^ on H'^ X Ri-'*. Recall that by definition an element of 
is of the form grx,exp{X,x)g^ where {X,x) e A/" x C/+. We deduce, since in this case 
exp(X, x) — (exp(X),a;), that an element of 7r(V^) is of the form 

(rioo exp(X)n;;^^(eo), uUooieQ + ei) + Xoo (id - Uoo exp(X)n^^) (eo - ei)) , (28) 

where X lies in W and u e R. 

Since exp(X)(eo + ei) = eo + ei for X G A/" we obtain 

q{noo exp(X)n;;^^(eo), noo(eo + ei)) = q(n;^^eo, cq + ei) = q(eo, rioo(eo + ei)) 

and thus when X describes J\f then <2xp{X)n^ (eo) draws the intersection between H'^ and 
the afRne hyperplan passing by eo and (/-orthogonal to noo(eo + ei). This submanifold of R^''^ is 
a paraboloid of codimension 2 and is mapped by p (the projection onto the projective space) on 
a sphere tangent at 9H in and passing by p(eo)- It is called the horosphcvc tangent at Oqq 
and passing by eo and is denoted by "Hoc- 
Moreover, since 

g(nooexp(X)n;;^(eo - ei),noo(eo + ei)) = g(eo - ei,eo + ei) = 0, 

we get that when X describes JV then rioo exp(X)ri^^(eo — ei) describes the intersection between 
the light cone {^,q{^) — 0} and the hyperplan passing by eo — ei and q-orthogonal to noo(eo + 
ei). Thus, when X describes A/" then (id — ^oo exp(X)nJ^^) (eo — ei) draws a paraboloid Voo 
in the hyperplan g-orthogonal to noo(eo + ei). For each ^ in the horosphere "Hoc corresponds 
a unique X^ £ J\f such that ^ = rioo exp(X^)n^^(eo) and the one-to-one function ?/; : ^ i— >■ 

(id - Uoo exj>{X^)n^^ (eo - ei) maps 'Hoo on Voo- 

Then by ((28)) . we obtain the following one-to-one map 

"Hoc X (noo(eo + ei)) — > 7r(V~) 

iio ^ (e,e + AooVxe)) 

and 7r(V^) is a skew product of the line (rioo(eo + ei)) with the horosphere ?^oo- 
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(eo + ei)) 




Figure 2: T^iVoo) is a skew-product of a horosphere with a line 
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